Any single-qubit unitary operation or quantum gate can be considered a rotation. Typical experimental implementations of single-qubit gates involve two or three fixed rotation axes, and up to three rotation steps. Here we show that, if the rotation axes can be tuned arbitrarily in a fixed plane, then two rotation steps are sufficient for implementing a single-qubit gate, and one rotation step is sufficient for implementing a state transformation. The results are relevant for "exchange-only" logical qubits encoded in three-spin blocks, which are important for universal quantum computation in decoherence free subsystems and subspaces.
I. INTRODUCTION
In the quantum circuit model [1] , a universal quantum computer requires an entangling two-qubit gate such as CNOT, and a set of single-qubit gates [2] . Although a finite set of quantum gates is sufficient for universality, fault-tolerant circuits require a large number of gates, even for very simple operations [3] . It is therefore important to be able to perform gate operations as efficiently as possible, in order to minimize the effects of decoherence or gating errors.
Single-qubit operations can be viewed as rotations of the state vector of a logical qubit on a unit Bloch sphere [3] . The most efficient method for rotating a spin qubit would be to apply a magnetic field along the desired axis of rotation; however this is not practical for most physical implementations. For example, to independently control an array of electron spin qubits in quantum dots [4] would require an array of tunable micromagnets, which is experimentally challenging.
A more common approach is to provide two or three fixed, orthogonal rotation axes. This enables arbitrary rotations in three or fewer steps, for example, by using the Euler angle construction. Many qubit implementations employ this strategy. For single-spin qubits, this could involve tunable, external magnetic fields oriented along two orthogonal axes, although this could still be challenging in a scalable architecture. For logical qubits composed of two or more physical spins, it is possible for different physical coupling mechanisms to control the different rotation axes on the Bloch sphere. For example, singlet-triplet logical qubits formed in double quantum dots use local magnetic field gradients to generate rotations about one axis, and exchange interactions to generate rotations about an orthogonal axis [5] .
In this paper, we are concerned with intermediate situations, between these two extremes, where rotations can (a) An arbitrary transformation, from the state |ψA alongnA, to the state |ψB alongnB, via a single rotation about the axiŝ n. In this example,nA=(0, 1, 1)/ √ 2 andnB=(1, 1, 0)/ √ 2. As described in the main text, we obtain the rotation axisn=(1, 0, 1)/ √ 2, and rotation angle φ = − cos −1 (1/3). (c) An arbitrary single qubit rotation, performed in two steps. In this example, R(ŷ, 3π/2)=R(n2, π)R(ẑ, π) witĥ
be performed about an arbitrary axis constrained to lie in a single plane. We consider the example of an exchangeonly logical qubit in a triple quantum dot [6, 7] , which is the main motivation for our work. Exchange-only qubits are of interest because they are formed in decoherence free subspaces and subsystems [8] [9] [10] , and they can be operated using only fast exchange interactions [11] [12] [13] .
A similar, single-plane rotation scheme is also possible for chirality-based logical qubits in a triple dot [14] . In fact, for any system where the effective magnetic fields along two orthogonal axes can be tuned arbitrarily and simultaneously, the single-plane rotation condition is satisfied.
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We will build upon the known result [6] that the internal couplings between the physical spins in an exchangeonly qubit can be used to generate a continuous set of rotations in the xz plane of the logical qubit. We will show that such single-plane rotations reduce the total number of steps required for single-qubit operations. For example, a state transformation, which maps a specific initial state onto a specific final state, can be accomplished in one step, while an arbitrary single-qubit rotation can be accomplished in two steps. We provide constructive proofs for both of these problems.
II. SINGLE-STEP STATE TRANSFORMATION
We first prove that a given initial state |Ψ A can be transformed to a specified state |Ψ B , by a single rotation about an axis in the xz plane. The Bloch sphere geometry is shown in Fig. 1(a) . Specifically, we want to determine the rotation axisn and the rotation angle φ that satisfy
where the rotation operator R(n, φ)=exp(−iσ ·nφ/2) is defined in terms of the Pauli spin matrix vector σ. The qubit state vectorsn A andn B are also pictured on the Bloch sphere of Fig. 1(a) . If the rotation axis is allowed to point in any direction (not just the xz plane), then we could choosen ∝ (n A +n B ) with φ = π. We now show that the desired result can be achieved, even whenn is confined to the xz plane.
To perform a state transformation in a single step, it is clear that the rotation axis must be equidistant from bothn A andn B . This constraint defines a plane, given byn · (n A −n B ) = 0. On the other hand, we require the rotation axis to lie in the xz plane, which is defined bŷ n ·ŷ = 0. The intersection of the two planes is given bŷ
Figure 1(b) shows the projection ofn A andn B in the plane perpendicular ton. The inscribed angle is the angle of rotation, φ. Since the length of all three sides of the triangle are known, as indicated in the figure, we can obtain
where L = |n A − (n ·n A )n| = |n B − (n ·n B )n|. The sign of φ is given by sgn[(n A ×n B ) ·n]. When the two planes are equivalent, we cannot use Eq. (2). However in this special case,n A +n B lies in the xz plane, and we can simply choosen ∝ (n A +n B ) with φ = π. (2) and (3), we obtain the rotation axisn=( The projection ofn onto the xz plane. We define a new coordinate system with axesx and z , such that n x = 0, by rotating the xz plane around the y axis by angle β.
III. TWO-STEP QUBIT ROTATIONS
We now provide a constructive proof that any singlequbit gate (up to a global phase) can be generated in two rotation steps, when the rotation axes point in an arbitrary direction in a single plane. Specifically, we want to solve for the rotation parameters defined by
where the rotation axisn can point anywhere in the Bloch sphere, but the individual rotation axesn 1 and n 2 lie in the xz plane. It is convenient to work with angular coordinates defined bŷ n = (sin θ cos ψ, sin θ sin ψ, cos θ) ,
and illustrated in Fig. 2(a) . Since an arbitrary rotation is characterized by three parameters (θ, ψ, φ), while the right-hand-side of Eq. (4) involves five parameters (η, θ 1 , φ 1 , θ 2 , φ 2 ), the equation is clearly underconstrained; many solutions exist, any of which suits our needs. We now demonstrate that at least one solution exists by providing an explicit, analytical construction. We first simplify the problem by transforming to a new set of coordinate axes defined by the projection of the logical rotation axisn onto the xz plane. The normalized projection becomes our newẑ axis, as shown in Fig. 2(b) . The rotation angle for the transformation, β, is given by
where n x and n z are the components ofn in the original coordinate system. Using primed variables to indicate the new coordinate system, we havê
where sin θ = sin θ sin ψ .
Note thatŷ is the same in both coordinate systems. We now solve Eq. (4) in the primed coordinate system. Without loss of generality, we will restrict the two rotation axes in the range θ 1 , θ 2 ∈ [0, π) and the rotation angles in the range φ 1 , φ 2 ∈ [0, 2π), since a rotation with θ i ≥ π by an angle φ i is equivalent to the rotation with θ i − π by an angle 2π − φ i . We can take advantage of the under-constrained nature of the problem by making the convenient choice φ 2 = π. (See Appendix B for details.) We then find
where
Here, θ 2 , φ 1 , and θ 1 are determined from Eqs. (11), (12), and (13), respectively. These quantities are related to the original coordinate system through θ 1 =θ 1 + β and θ 2 =θ 2 + β.
As noted above, Eqs. (11)- (13) do not represent unique solutions to Eq. (4). For example, we may obtain an alternative solution with the choice φ 1 = π. After a similar analysis, we then obtain
To provide a practical comparison, we consider a conventional (Euler) method vs. the single-plane method, for the specific case of rotations around theŷ axis. For the Euler method, if we have two fixed axes of rotation (x andẑ), the result corresponds to a three-step procedure given by R(ŷ, φ) = R(ẑ, π/2)R(x, φ)R(ẑ, −π/2). In contrast, the single-plane method is accomplished in just two steps, with R(ŷ, φ) = R(n 2 , π)R(ẑ, π) wherê Figure 1(c) shows an explicit construction of a 3π/2 rotation about theŷ axis, employing two rotations around axes in the xz plane.
IV. ROTATIONS FOR EXCHANGE-ONLY QUBITS
We now consider a concrete physical example: a logical exchange-only qubit encoded in a three-spin block, for which all qubit operations are implemented using electrically tunable exchange couplings between the constituent spins, without requiring a magnetic field [6] . The effective Hamiltonian for the spin system is given by
where the exchange coupling parameters J 12 , J 23 , and J 31 are typically non-negative. The total spin S tot and its z component S z tot are good quantum numbers since they commute with the Hamiltonian; we will use them to label the energy eigenstates. We are specifically interested in the states with S tot =1/2 and S z tot =±1/2, which are both two-fold degenerate. We specify these states as {|S tot , S z tot ; l }, adopting the label l=0,1 for the degenerate states. With these definitions, we can encode the qubit in a decoherence free subsystem as follows [7] :
where | In the logical qubit space, the Hamiltonian becomes [15] 
The unitary operator U (t)=exp(−i Ht/ ) rotates the logical qubit around an axisn in the xz plane by an angle φ, given bŷ
The decoherence free subspace considered in Ref. [6] corresponds to the special case of a=1 and b=0 in Eqs. (18) and (19) .
Equation (17) suggests a ring-like coupling configuration for the quantum dots. Such configurations have been achieved in the laboratory [16, 17] ; however full control of the couplings is challenging. When full control is possible, the qubit can be rotated along any axis in the xz plane. Single-qubit operations then follow the procedures described above.
A more common experimental arrangement is the linear triple quantum dot geometry, with one electron per dot. In this configuration, great tunability can be attained in the exchange couplings [18] [19] [20] [21] [22] [23] . However, since one of the exchange couplings in Eq. (17) is assumed to vanish, it is not possible to implement arbitrary rotations in the xz plane; only 2/3 of the plane is covered. For example, if J 31 = 0, rotations are limited to the range π/3 ≤ θ ≤ π and 0 ≤ θ ≤ 2π/3. Figure 3 shows the viable rotation axes in the xz plane when one of the exchange couplings is set to zero. (21), assuming non-negative exchange couplings. Striped, red regions correspond to rotations around the −n axis by angle φ, which is equivalent to rotations aroundn by angle 2π − φ.
Despite the fact that we cannot perform rotations over the entire xz plane for the linear dot geometry, many gates of interest can still be implemented in two or fewer steps. Focusing on the configuration J 13 = 0, we see that rotations about thex axis (J 23 = 2J 12 ) and theẑ axis (J 23 = 0) can be accomplished in a single step. Rotations around theŷ axis by an angle φ can be accomplished in two steps, by using one of the two solutions The Hadamard gate H=1/ √ 2[(1, 1), (1, −1)] corresponds to a rotation around an axis with θ = π/4 and ψ = 0, by an angle φ = π. For the configuration with J 12 = 0, this can be implemented in a single step. However, in the J 23 = 0 or J 31 = 0 configurations, it cannot be implemented in fewer than three steps. If many Hadamard gates are required for a given quantum circuit, this could present a bottleneck. In this case, it might be preferable to change the logical qubit basis in Eqs. (18) and (19) , to one where qubits 2 and 3 are exchanged. In the latter configuration, the Hadamard gate is accomplished in one step.
We can compare our single-plane rotation method with the serial gating scheme for exchange-only qubits, which was described in [6] . There it was shown that when only one exchange coupling (J 12 , J 23 , or J 31 ) is allowed at a time, then a general logical qubit rotation requires three (four) steps for a ring (linear) geometry, as illustrated in (b) shows that the single-plane method is always more effecient than the serial gating scheme.
V. CONCLUSIONS
We have shown that the ability to tune qubit rotation axes in a single, fixed plane enables efficient, two-step implementations of single-qubit gates. This should be contrasted with fixed-axis methods (e.g., Euler angles), that require up to three steps. Our results can be applied directly to logical qubits in the decoherence free subspaces and subsystems of three-spin logical qubits, such as exchange-only qubits.
Our scheme can also be adapted to any qubit implementation with at least partial control over the rotation axes. For example, the effective field corresponding to rotations of a singlet-triplet logical qubit [5] consists of a fixed B x component and a tunable, positive B z component. The resulting effective rotation axis covers about half of the xz plane [24, 25] , thus enabling efficient gating methods similar to those described here.
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Here, we have two unknowns (θ 1 and φ 1 ) and three equations. However, the three equations are not independent. By squaring both sides of Eqs. (B19) and (B20) and adding them, we obtain
which leads to
This is the same as the square of Eq. (B21). We can obtain another equation by dividing Eq. (B20) by Eq. (B19):
We now show that once θ 1 and φ 1 are obtained, by solving Eqs. (B21) and (B24), the results will also satisfy Eqs. To summarize, we can always implement an arbitrary single-qubit gate with two rotation steps around axes in the xz plane, given by φ 2 = π and θ 2 = 0, with φ 1 obtained from Eq. (B21), and θ 1 obtained from Eq. (B24). Of course, this is not the only solution. For example, we can also find a solution by choosing φ 1 = π. In that case θ 1 = 0, e iη = −k, and after similar procedure we obtain
which determine θ 2 and φ 2 uniquely. Once we determine θ 1 and θ 2 , we can transform back to the original coordinate system using θ 1 =θ 1 + β and θ 2 =θ 2 + β.
